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Abstract
A graph G is maximal IM-unextendable if G is not induced matching extendable and, for
every two nonadjacent vertices x and y, G + xy is induced matching extendable. We show
in this paper that a graph G is maximal IM-unextendable if and only if G is isomorphic to
Mr ∨ (Ks ∨ (Kn1 ∪Kn2 ∪ · · · ∪Knt )), where Mr is an induced matching of size r, r¿ 1, t= s+2,
and each ni is odd. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Graphs considered in this paper are <nite and simple. For a graph G, V (G) and
E(G) denote its sets of vertices and edges, respectively. For S ⊆ V (G), set
E(S)= {uv∈E(G) : u; v∈ S} :
For M ⊆ E(G), set
V (M)= {v∈V (G) : there is x∈V (G) such that vx∈M} :
M ⊆ E(G) is a matching of G, if V (e)∩V (f)= ∅ for every two distinct edges e; f∈M .
A matching M of G is a perfect matching, if V (M)=V (G). A matching M of G is in-
duced [2,3,4], if E(V (M))=M . A graph G is induced matching extendable [6] (shortly,
IM-extendable), if every induced matching of G is included in a perfect matching of
G. We say a graph G is maximal IM-unextendable if G is not IM-extendable and,
for every two nonadjacent vertices x and y, G + xy is IM-extendable. For two vertex
disjoint graphs G and H , G∨H is used to denote the join [1] of G and H , and G∪H
is used to denote the union of G and H .
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We show in this paper that a graph G is maximal IM-unextendable if and only if G
is isomorphic to Mr ∨ (Ks ∨ (Kn1 ∪Kn2 ∪ · · · ∪Knt )), where Mr is an induced matching
of size r, r¿ 1, t= s+ 2, and each ni is odd.
2. Lemmas
Theorem 2.1. (Tutte’s theorem [5]). A graph G has a perfect matching if and only
if for every S ⊂ V (G), o(G − S)6 |S|.
Here, o(H) is the number of odd components of H .
Lemma 2.2. Let G and H be two graphs such that |V (G)|6 |V (H)|. Then the
join graphG ∨ H has a perfect matching if and only if |V (G)|+ |V (H)| is even and
|V (H)| − 2m(H)6 |V (G)|, where m(H) is the matching number of H , i.e., m(H)=
max {|M | : M is a matching of H} .
Proof. Suppose that G∨H has a perfect matching M . Then |V (G)|+ |V (H)|=2|M | is
obviously even. Let Mh=M∩E(H), Mg=M∩E(G), and F =M\(Mh∪Mg), then Mh is
a matching of H , and so |Mh|6m(H). Furthermore, |V (H)| − 2|Mh|= |F |= |V (G)| −
2|Mg|. It follows that |V (H)| − 2m(H)6 |V (G)|.
Conversely, suppose that |V (G)| + |V (H)| is even and |V (H)| − 2m(H)6 |V (G)|.
Let M be a maximum matching of H . Let F ⊆ M such that 2|F |= |V (H)| − |V (G)|
(Such a set F exists as |V (H)|¿ |V (G)| and |V (G)|+ |V (H)| is even.). It is easy to
see that G∨H −V (F)=G∨ (H −V (F)) (when F = ∅, we de<ne V (F)= ∅) contains a
spanning subgraph isomorphic to Kn;n, where n= |V (G)|. It follows that G∨H −V (F)
has a perfect matching, and so also G + H . The proof is completed.
The following lemma is an obvious consequence of Tutte’s theorem.
Lemma 2.3. A graph G is IM-extendable, if and only if, for every induced matching
M of G and every S ⊂ V (G)\V (M), o(G − V (M)− S)6 |S|.
3. Maximal IM-unextendable graphs
Theorem 3.1. A graph G is maximal IM-unextendable if and only if G is isomorphic
to Mr ∨ (Ks ∨ (Kn1 ∪ Kn2 ∪ · · · ∪ Knt )), where Mr is an induced matching with size r,
r¿ 1, t= s+ 2, and each ni is odd.
Proof. Let G=Mr ∨ (Ks ∨ (Kn1 ∪ Kn2 ∪ · · · ∪ Knt )), where Mr is an induced matching
with size r, r¿ 1, t= s+ 2, and each ni is odd. It is easy to see that o(G− V (Mr)−
V (Ks))= t= s+2¿s. By Lemma 2.3, this implies that G is not IM-extendable. Now,
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let x and y be two nonadjacent vertices of G. In what follows we prove that G + xy
is IM-extendable.
Let M be an induced matching of G+ xy. We distinguish the following three cases.
Case 1: r=1 and V (M) ∩ (V (Mr) ∪ V (Ks)) is not empty.
In this case, |M |=1 and G is isomorphic to Kt ∨ (Kn1 ∪ Kn2 ∪ · · · ∪ Knt ). Without
loss of generality, we can suppose that x∈V (Knt−1 ) and y∈V (Knt ). When V (M) ⊆
V (Mr)∪V (Ks), G+ xy−V (M) is isomorphic to Ks ∨ (Kn1 ∪Kn2 ∪ · · · ∪Knt )+ xy. Let
H =Kn1∪Kn2∪· · ·∪Knt +xy. Then |V (H)|−2m(H)= t−2= s. By Lemma 2.2, we can
deduce that G+xy−V (M) has a perfect matching. When |V (M)∩(V (Mr)∪V (Ks))|=1,
G − V (M) is isomorphic to a graph Ks+1 ∨ Q, where Q=Kn1 ∪ Kn2 ∪ · · · ∪ Knt −
V (M)\(V (Mr) ∪ V (Ks)). It is easy to see that |V (Q)| − 2m(Q)= t − 1= s + 1. By
Lemma 2.2, G − V (M), and so G + xy − V (M), has a perfect matching.
Case 2: r¿ 2 and V (M) ∩ (V (Mr) ∪ V (Ks)) is not empty.
In this case, if |M |=1, then it can be easily proved that G + xy − V (M) has a
perfect matching. Suppose that |M |¿ 2. Then V (M) ⊆ V (Mr). When x; y∈V (Mr),
|V (Mr)| − |V (M)|¿ 2. Then we have G + xy − V (M)=Ks ∨ A, where A is a graph
with |V (A)| − 2m(A)6 s. By Lemma 2.2, G + xy − V (M) has a perfect matching.
When {x; y} ∩ V (Mr)= ∅, we can suppose that x∈V (Knt−1 ) and y∈V (Knt ). Then we
have G + xy − V (M)= (Mr − V (M)) ∨ (Ks ∨ B), where B is a graph with |V (B)| −
2m(B)= t−2= s. By Lemma 2.2, Ks∨B has a perfect matching F , and so (Mr\M)∪F
is a perfect matching of G + xy − V (M).
Case 3: V (M) ∩ (V (Mr) ∪ V (Ks))= ∅.
Let P=Mr ∨ (Kn1 ∪ Kn2 ∪ · · · ∪ Knt − V (M)). (It is allowed that xy∈M) Then
|V (P)|−2m(P)6 t−2= s. By Lemma 2.2, the spanning subgraph (of G+xy−V (M))
which is isomorphic to Ks ∨ P has a perfect matching, and so does G + xy − V (M).
Thus, we have proved that Mr ∨ (Ks ∨ (Kn1 ∪ Kn2 ∪ · · · ∪ Knt )) is a maximal IM-
unextendable graph.
Conversely, suppose that G is a maximal IM-unextendable graph. Then G is not
IM-extendable. By Lemma 2.3 there is an induced matching M of G and a vertex
subset S ⊂ V (G)\V (M) such that
o(G − V (M)− S)¿ |S|+ 1:
Since G −M + xy has a perfect matching for every two nonadjacent vertices x and y
in G − V (M)− S, each component of G − V (M)− S is odd. By the maximality, we
can easily see the following properties of G:
(1) |V (G)| is even.
(2) Each component of G − V (M)− S is a complete graph.
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(3) o(G − V (M)− S)= |S|+ 2.
(4) S is a clique of G.
(5) For every two distinct vertices u; v of G with [|{u; v}∩V (M)|6 1], [|{u; v}∩S|6 1]
and [|{u; v} ∩ V (G − V (M)− S)|6 1], we have uv∈E(G).
Suppose that |M |= r, |S|= s and the number of vertices of the components of G −
V (M)−S are n1; n2; : : : ; nt , where t= s+2. By the above properties of G, it is obvious
that G is isomorphic to Mr ∨ (Ks ∨ (Kn1 ∪ Kn2 ∪ · · · ∪ Knt )), where Mr is an induced
matching with size r, r¿ 1, t= s+2, and each ni is odd. This completes the proof of
the theorem.
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